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In the paper we apply the spectral theory to find the price for derivatives of financial assets assuming that the processes described are Markov processes and such
that can be considered in the Hilbert space L2 using the Sturm-Liouville theory. Bessel diffusion processes are used in studying Asian options. We consider the
financial flows generated by the Bessel diffusions by expressing them in terms of the system of Bessel functions of the first kind, provided that they take into account
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BypmHsk I. B., Maauybka I. 1. 3Haxo0x¢eHHs yiHu noxioOHuX hiHaHcosux
akmueie becceniecbkux npoyecie memodom Lmypma-/liyginns

3acmocosaHo cnekmpansHy meopito 0118 3HAX00HEHHSA YiHU MOXIOHUX ¢hi-
HOHCOBUX GKMUBIB, 88AM(AI0YU, W0 MPOUECU, AKI ONUCYIOMbCA, € MApKie-
CoKUMU Ma MaxKumu, wio mMmoxcyme 6ymu po3ensHymi e 2inbbepmosux npo-
cmopax L2, 3acmocosytoyu meopito LLimypma-/liyginna. Mpouecu dugpysii
beccens sukopucmosytombcs npu 0ocnioxerHi asiticokux onyioHie. Poens-
Hymo ¢hiHaHcosi MOMOoKu, wjo nopodseri npoyecamu becceniscbkoi dugpysii
nodaswu ix 3a cucmemoro gyHKYili beccens nepwozo pody 3a ymosu, AKa
8paxosye niHiliHy KombiHauito momoky ma (io2o npocmMoposoi MoxidHo.
Take npedcmasseHHs 0ae MOMUICMb 06YUCAUMU BEAUYUHY PUHKOBO20
nopmeens akyili i 3abe3neyye 8UMip 8HyMPIWHbLOI 80NAMUALHOCMI HA PUH-
Ky 8 6yOb-AKuli MomMeHm 4acy, do38osnse docaidumu duHamiky oHA08020
PUHKY. Po3knad ¢yHKyii [piHa 3a cucmemoto beccenesux ¢yHKyili daembca
aHanimu4Hoto hopmysoto, 3a A0MOMO20t0 AKOI 3py4HO 06YUCABAMU BeNU-
YUHY (hiHaHCo8UX MOMOKig. Bci mpunyujeHHa € npupodHUMU, Mpusodams 0o
aHanimMu4HUX opmyn, AK y3200XeHi 3 emnipudHUMU OaHUMU i MPU MPaK-
MUYHOMY 30CMOCY8aHHI a0eK8amHo 8id0bpaXcaoMe MPoXodx#eHHs npoye-
cig Ha (hOHO0BUX PUHKOX.

Knrouosi cnosa: cnekmpansHa meopis, (iHaHcosi momoku, OugysitiHul
npouec beccens, GyHKyii beccens, gyHKuis piHa, cuHeynapHuli napaboniy-
Huli onepamop, iHgiHimizemansHul onepamop.
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Y/IK 336.71
BypmHsk U. B., Manuykas A. 1. HaxoxcdeHue yeHbl npou3e00HbIX

thuHaHcoebIx akmugoe becceneackux npoyeccos memodom LLimypma-
Jluysunna

[MpumeHeHa criekmpanbHaa Meopus 014 HAXOHOEHUA UeHbl MPpou3800HbIX
(hUHAHCOBLIX AKMUBOB 11010201, YMO ONUCHIBAIOU4UECA MPOUECCHI ABAAIOM-
CA MAPKOBCKUMU U MAKUMU, KOMOpble MOXHO paccmampueams 8 2usb-
bepmosom npocmpaHcmee L2, npumeras meoputo LLimypma-/luysunas.
IMpoueccel dughchy3uu beccens ucnonbayomea npu uccaedosaHuu asuam-
CKUX ONYUOHO8. PaccmMompeHbl (hUHAHCOBbIE TOMOKU, MOPOHOEHHbIe Mpo-
yeccamu Ouggpy3uu beccens, npedcmasug ux no cucmeme GyHKyull bec-
cend nepeozo poda npu ycaosuu, y4umslearousem auHeliHyro KoMBUHayUo
10MOKa U €20 npocmpaxcmeerHHol npou3sodHol. Takoe npedcmasneHue
0aem 803MOXHOCMb BbIYUCAUMb BEAUYUHY PbIHOYHO20 Mopmdpens aKyuli
u obecneyugaem usmepeHue 8HympeHHell 801aMUALHOCMU HA PbIHKE 8
Moboli MomMeHm epemeHu, 10380/3em uccnedo8ams OUHAMUKY GOHOO-
8020 pbIHKG. PasnoxeHus gyHKkyuu MpuHa no cucmeme ¢yHKyuii beccena
npedcmasneHsl aHanumuveckol hopmynod, ¢ nomouwsbto kKomopoii ydob-
HO 8bI4UCAAMb BEAUYUHY (YUHAHCOBLIX MOMOKOB. Bce npednonoxeHus
ABAAMCA eCMecmBeHHbIMU, MPUBoOAM K aHAAUMUYECKUM (opmynam,
Komopble c02/1aC08aHbI C IMMUPUYECKUMU OQHHBIMU U MPU MPAKMUYECKOM
npuMeHeHUU 00eK8aMHO OMPAXaM MPOXOHOeHUe MPOUECcos Ha OH-
008bIX PbIHKAX.

Kntouesble cnoea: cnekmpanbHas meopus, GuHaHcosble momoku, Oudg-
y3Heili npouecc beccens, gyHKyuu beccens, gyHKyusa [puHa, cuHeynap-
Hblli napaboauveckuli onepamop, UHUHUMU3eManbHUl onepamop.
®opmyn: 13. buba.: 12.

BypmHak MeaH Baadumuposuy — KaHOUOAM 3KOHOMUYECKUX HayK, 00-
ueHm, Kagedpa sKkoHomuyeckol KubepHemuku, lpukapnamckuli Hayuo-
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Introduction. Bessel processes are most often used in
the theory of mass service, in particular in the queuing theory.
There exist different types of stochastic Bessel process in rela-
tion to problems of eigenvalues and eigenfunctions. The cases
when the spectrum of the Bessel operator is continuous or has
a finite number of values and a continuous part, the represen-
tation of the density by means of Wittaker functions and La-
guerre polynomials are considered in many papers, and most
extensively covered in [1], which considers the boundary value
problem on the interval x € (0, «) with the boundary condi-
tions imposed on the first derivative of the density function at
X —> o,

Bessel processes play an important role in financial math-
ematics. Since by their nature they have a strong relation to the
models of geometric Brownian motion or Cox—Ingersoll-Ross
(CIR) processes, they allow for an explicit representation of
the density of transition, in particular of prices for bonds and
options, which makes the statistical estimation of the process
parameters much easier [2]. At certain characteristics, the dif-
fusion process with the Bessel operator never hits zero, and
a number of papers [3] are dedicated to these cases, while we
consider those ones when the derivative of the financial flow
of the Bessel process can hit zero. Under such conditions, the
excess growth rate of the portfolio of stocks can be determined,
and it can be explained how the excess growth rate of the mar-
ket portfolio can provide a measure of the amount of internal
volatility in the market at any given moment [4].

Work [5] describes using Bessel processes in financial
markets as well as its connection with the integral of geometric
Brownian motion. In [6] a review of the pricing of Asian op-
tions through Bessel processes is presented.

The diffusion with the Bessel operator was investigated
in [7], but under other boundary conditions, and in the orthog-
onal systems of functions.

We consider one-dimensional diffusion of the Bessel
process with zero drift (there are a number of processes of this
type with non-zero drift, but their studying can be reduced to
the processes with zero drift). Such processes are used in solv-
ing economic problems related to calculating short-term inter-
est rates, credit spreads and stochastic volatility of derivatives.

The aim of the article is to develop a convenient ap-
proach to monitoring financial flows produced by two-barrier
Bessel processes. We present density in the form of develop-
ment through Bessel functions of the first and second kind, as
well as their derivatives. Since Bessel series are well researched,
and eigenvalues of the set boundary value problem are tabu-
lated, then the decomposition of density in series in terms of

The problem of this type is considered for the first time.
Among problems of this type there remains unsolved the prob-
lem when the Bessel diffusion has a non-local volatility that is
dependent on various factors, but this problem is only partially
solved for ordinary diffusion processes generated by Brownian
motion. Therefore, new approaches to solving problems of this
type are required as well as analysis of the existing ones.

The approach we have developed can be applied to
studying the pricing of Asian options generated by Bessel pro-
cesses. For this purpose, we need to consider the financial flows
generated by Bessel diffusion processes by expanding them in
the system of Bessel functions of the first kind under condition
of taking into account the linear combination of the flow and
its spatial derivative. This expansion allows calculating the size
of the market portfolio and determining the level of internal
volatility in the market at any given time and investigating the
dynamics of the equity market.

In the general theory there considered more widespread
assumptions on stochastic processes, in particular considering
them as martingales, but there is not always an analytic formula
to represent the solution. Therefore, we assume that these pro-
cesses are Markov processes.

The spectral method is applied to derivative financial
instruments, in particular there presented the price for the de-
rivative u(t,x) through a function that is neutral to the risk of
expecting the future value of the real-valued process X, that is
as:

ult, x)=Ex[H(X, )= [H(y)p(t, x,y)dy,

where p(t,x,y) - transition density of X with the probabi-
lity P.

If the infinitesimal generator L of the real-valued process
is self-ajoint in the Hilbert space with the increment of the mea-
sure m(x)dx, and the L —spectrum is discrete, then the transition
density of X is developing with respect to its own functions [2]:

pit.x,y)=m(y)Y, "o, (y)p,(x),

where {A} eigenvalues L i {p} — eigenfunctions: that is
Lon=Mn.

Problem statement. In our work, we use the diffusion
process to calculate the volume of financial flows, expressing
them in terms of Bessel functions of the first kind, in particular
we consider the Sturm-Liouville problem where the boundary

conditions use the Bessel functions and their derivatives. In

particular, we consider the operator:

Bessel fl.mction‘s is very conYenient t.o be useq i'n practice when L=0% +x7"9, —-x7%p?, (1)
calculating options prices with required precision.
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where p — constant value called an index. It generates a singular
parabolic equation at x > 0. L is a singular parabolic operator,
an infinitesimal one, to which a number of operators where
0%=2x? isreduced, L is called the Bessel operator.

To study L for eigenvalues and eigenfunctions under cer-
tain boundary conditions, we consider the Bessel equation:

x2v" 4+ xv’ + (X2 —p2 Ww=0. (2)

The solution of equation (2), except for the partial values
of p, is not expressed in terms of elementary functions (in the
finite form), these non-elementary functions are called Bessel
functions, they are widely used in economics, technology and
physics. Since the Euler-Bessel equation is a linear one, its total
integral can be written in the form:

V= C]V1 +C2V2

Where v;, v, are any two linearly independent partial
solutions of the Euler-Bessel equation, and C;, C, are arbitrary
constants.

In the case of p > 0 we make a substitution v=xPw and

obtain the following equation for the function:

2p+1
W"+p7W'+W=0.
X

The solution of the resulting equation is a power series

that is absolutely convergent for all x €(—eo;e0) and has the

form:
(g)p + ) o ()z(jpﬂm

Fp+1)  =12..m(p+1)...(p+m)(p+1)

v=xPw=

Where ' — gamma function. By transforming (3) on the
basis of the properties of the gamma function, we obtain a Bes-
sel function of the first kind of the p-th order:

()= n;ior((n;?r:)@

Note. Since equation (2) contains p?, the substitution of
p for (-p) does not influence the solution of the equation, thus
there exists a solution for any value of p.

If p is not an integer, then the Bessel functions cannot be
linearly dependent and the general integral of equation (2) has
the form [8]:

J= C]Jp (X)+ CZ‘I—p (X)
With an integer p we find one more partial solution:

v, ()= Jp (x)cos.pn +J_, (x)
sinpm

which is expressed by a Bessel function of the second kind that
is undefined at x = 0. Using L'Hopital’s rule we find the bound-
ary for x— 0 and by this value define the function at zero:

) 2m
2 2 1 1 1
YO:EJO(X)(In§+C)—— > (—1)’"(%) (1+5+§+...+—).

m=1 m

For any value of p the following formulas can be used:
d (xP 1, (x) = xPJ,_4(x)
a X p X))=X p—1 X),

%(xfpjp (x))= —xprpH (x).

The Bessel functions J,(Ax), J,(1x) where X and pare

the roots of the equation J,(x) =0, are orthogonal on the in-

terval [0, 1] with the weight x, that is
1

_[xJp (Ax)Jp (ux)dx =0, A #p
0

)

and if A= the two cases are possible:

1
: S, Jp)=0,
foﬁ(?»x)dx =

1 2
0 2[1—52113(%), Jp =0

Forall o, 20,00+ >0 there exists a countable set of

positive roots avy (u)+Buv, (1)=0, whose boundary point
is at infinity.

If v(x) is the solution of (2), then the function v(Ax) will
also be the solution of the equation of the following form:

x2v” +xv’ +(\2x?2 = p?)v =0. (4)

Equation (4) is a Bessel equation with the parameter A.

Any solution of equation (2) expressed by a Bessel
function has an infinite set of positive roots that are close
to the roots of the function sin(x+®), which has the form:
k,=nt—®, ®=const, n an integer (it is similar for negative
roots, because they are symmetrical relative to the origin of co-
ordinates), if k, #0 they are simple roots and form a count-
able set.

Since Bessel functions are alternating series, the calcu-
lation of values can be performed using the Leibniz lemma,
which makes it possible to determine the accuracy of the ap-
proximation.

To find the eigenfunctions and eigenvalues, let us con-
sider the following boundary value problem:

2

X2V +xv, + (X2 = p? v, =0, (5)
Vilmo <+ ©)
avg (% )+Bvk (xo)=0. (7)

That is we are considering a Sturm-Liouville problem.
The given problem has a unique solution. We impose condi-
tion (6) because x = 0 is a special point of equation (5) and the
operator L. x, is a regular point of equation (5). The values of A,
with which the boundary value problem (5)-(7) has a non-trivi-
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al solution v, are called eigenvalues, and v, — eigenfunctions of
the problem. It is known that under conditions (6) the operator
L has a countable number of eigenvalues, they are simple and
not negative [9]. The multiplication of L by x? does not change
either the eigenvalues, the eigenfunctions, or their quantity.

Letusconsider (5),under the condition av.=1, B=h>0

we have the boundary value problem:

2 n

X2 +xv +(WEx? —p?)

Ve =0 (®)
|vk|X -0 < oo,
V' (Xg)+hvi(xg)=

It is obvious that A = 0 is not the eigenvalue of problem
(8). The general integral has the following form:

v=Cdp (M) + Gy (Ax).
By substituting it in the boundary conditions we obtain:
A5 (Mxg)+hl,(hxg) =
with the substitution Axy = it can be put as the equation:
Wy (W +hxodp(n)=0 9)
Equation (9) has a countable set of positive roots:

Mg, O<y <) <<y <.

Thus Ay =u—k, where p, the root of (9), and
Xo

v (x)= Jp (ukx], k=12,

Xo

Let us find the norm of v (x):

2

il = [XO (Jp (k) +[xé—szup(uknz],k:tz.-.-
Mk

Since from (9) with pu=p, we have J, (W)=

- o
M

W), the norm is equal to:

2 2

X, hxq —Vv

vk(x)2=°[1+°2J()J (e k=12,...
2 HkXo

In the case when p=0 we have the following problem:
(xv’), +A2xv =0,
|V|x:0 < oo, (10)
Vi (%o )J+hvg (xo)=0, h>o0.

It is easy to check out that A = 0 is not the eigenvalue of
the problem, and at A > 0 from the condition of boundary val-

ues it follows that v =CJq(Ax), C; =0,

C1 (}\.Jé (7\,X0 ) + hJo (7\,)()) = O,

With C; =1 we have the following equation:

ujé (H,) + hXOJO (H.) =0.

Asin case (9) all the roots are positive and form a count-

Ak :Mfk, Vk(X)ZJo[MkX],
Xo Xo0

ableset O< Uy <My <..<My < .

k=1,2,... with the norm of v, (x) equal to:
2 2.2
X hex
v Gl :20[1+ —2 J(Jo(uk))z, k=12,...
'k

We can note that the functions 1, Jp (ukx} k=12,...
X0
are orthogonal to each other on [0, x;] with the weight x [10].
Results of the research. Let us consider the Bessel
process described by the equation:

av(t,x) _ 92v(t, x) ] av(t,x)

2,2
5 2 W -p°x~v(t,x), 0<x<xg

(11)
and the boundary condition:

v(0,x)=K(e* =1, |v(t,0)|<+oo, Vi (t,xg)+hv(t,xq)=0, h>0

(12)
Where K is a strike value. The process is homogeneous,

therefore, v(t, x) = o(t)v(x).
From the Sturm-Liouville theory we have:

where n, 0<py<p,<...<WU,<.. the positive roots of the

equation are:

Jp (kg +hdp (g )=0,
K| °x(e*=1)J dx
finer 04 32
jxofo, (u”dex
0 X

0

Chp=
To calculate Jx e*—1J [ ]dx we will use the
O 0

expression of J, [u”xj and e* through the power series:
Xo

x XZ X3 X" o Xn+1
X(@ ==X X+t =y ,
2! 3! n! o N

V x € (—o0,+00)

0o | 2l+p
2| My :ZL Hn )
PAxo ) [SMI+p+ DA+ 2x

Since these series converge absolutely VxeR' the

product of this series is absolutely convergent ¥ xeR' and

Mpo6rnemn ekoHomikum Ne 2, 2017
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can be determined by any of the rules: either by Cauchy or
Dirichleti rule:

oo oo oo oo oo

Zan an = an Zan = Z(GOb +a]bn 1 + azbn 2 +..+a bo)
=0 =0 =0 /=0  [=0

=Y (agby + by, + ...+ by +Ayby 1 +apby_y + ...+ dnby).
=0

therefore, ¢, are calculated by the formula with the correspond-

R T[22

Ch= =

jo x_lz[xo de

X0 (un _
12{(n+1)lr(p+ e+ 1\ 2 )

X61+2 (u_n]p+2
nr(p+2)r(2)(p+3)\ 2

Xg+1 W, p+4
- 1)lr(p+3)r(3)(p+5)( z) "

(Hn 2k+p
(n k—1)lrk+p+1)r(p+1)(2k+p+1)k ZJ *

1" x3 ( un)z’”" ,XI"XJZ B o
(2n+p+1) Mp+1)2n+p+1\ 2 0 X0

(- 1)k n—k+1

The financial flows have the following form:
2
Mn

7(InK) (T-1) | X
u(t,x)=>» Kc, ,e Jol wyin— |,
(t,x) E np p( n Kj

In the case when the process is completed at time T,
when X; = K;:

Hn
-5 | (T-t) X
> InE Un(lnf)
u(t,x)="Y Kce L Ip| —7— |
n=0 In—

Where L <x <R, L, R - barriers, K — strike value, and ¢, »
are calculated as follows:

[ e =, ()
. .
Xo[HhXo](J )

2

We have calculated the expansion of the financial flow
in terms of the system of Bessel functions J  of the first kind,
while the distribution of the flows is set by the Green function
of the corresponding problem. Therefore, for the calculations
it is convenient to expand the Green function in terms of the
system of Bessel functions. The process that we consider cor-
responds to an inhomogeneous boundary value problem:

n

du %u  _qou  plult,x)
gzax—2+x a_T+f(t'X)'X>O' (13)

Where f(t,x) is twice continuously differentiable in x

and continuously differentiable in t, absolutely integrable with
the derivatives, (t, X) € [0, + =), and is expressed as follows:

tx)—Zf (

1, are the roots of the equation Jp, (wp)=0.

] 0<x<Xxg<+oo,0<t<T,
Xo

The problem can be solved using the following

equation:
- X
R AGIA [“"J
n=0 Xo

By substituting (13) we obtain:

X *o XO n=0 Xo
Then
Z[T,; (t)+x,§T,,(r)—fn(t)]Jp[WJE0,
n=0 X0
’ 2 _ _ _uin
therefore, Tn (O+ATa(0)=F(t)=0, A,==", neN iy

the initial condition of T,,(0)=0.

The inhomogeneous differential equation of the first

order is solved by the method of constant variation. Since
2

T (t)+A2T,(t)=0 has the first integral T (t)=C Cel™ 1 (the

solution of ainhomogeneous equation), then T, (t)=C (t)e_}"gt ,

thus 'O =£, ()M, C(t je” B (B)dB+C;.

J.e7L Bf

dBekt+Ce}‘t

witht=0,C,=0 T ( Je il B)f (B)dB , therefore,

u(t, x) ZIe

dﬁj( ]
n=00 Xo

Taking into account that:

Xo Xo =1
f (0= j&f,,(&,tup[“"é]dg[ | ng(”n"]dx] ,
0 %o 0 Xo

314
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we have:

u(t,x)=

S s ] -

Sfen foen)
Xot oo

2( May o2 [MnS ) [HnX
“2[3’1 [ ]dyj [ F’Jp( Xo jjp[ Xo ]f(&,t)d&dﬁ,

on=0

therefore,

—”—ﬁ(r—ﬁ)
Glt—PB,x,E)= Z&J [“”ﬁ] p[XO ]e o

X0

-1
2 4 2
Xo| ., hxg-v 2
[2[” 2 ](J”“‘“)] |
t
ult, x) = [G(t -, x,B)f (x E)dE.
0

Since the problem of evaluating and studying two-
dimensional barrier options is reduced to considering and
solving boundary value problem [11-12]:

H
In—
L

u(l, x)= _[ (e};L - K)H(L<x(t)<H;t€[0,T]) Glx

0

2

B 70 x
H Z
> In— Hpln
L S L
n=0 In— In—
L L

Where I ) <Hite[o,T] 1 the Heaviside step function.

Note. Since the roots of the Bessel function of the first
kind and its derivative are simple, there is a relation between
the derivative and Bessel functions of neighboring orders,
therefore, we can prove that the equation J;(x)+hJ,(x)=0

has a countable set of positive roots, so at large values of n the
squares of these roots behave as n? Thus for the Green function
and its first derivative the correct evaluation is:

Czcolnzt <+, Vx e [L,H],

n=1
0<t<T,C>0,cH>0.

Approximate calculations do not require a large number
of coefficients in a row because of the rapid convergence.

Conclusions. There considered the Sturm-Liouville
problem for the Bessel diffusion with the boundary conditions
under which the derivative of the financial flow with respect
to the price variable in combination with the flow volume hits
zero. For this problem there built a Green function, which is
expanded in terms of the system of Bessel functions of the first
kind. An analytic form for the Green function enables calculat-
ing the volume of the financial flow, the rate of growth of the

2
ou(t,x) _ o“u(t, x) +

o au(t,x) p2u(t,x)
ot x>

ox XZ

l

xe[LH] telo,T]
uy (t,L)+hu(t,L)=0, uy (t,H)+hu(t,H)=0, h>0,

u(T,x)=max(x(x(T)-K),0

NL<x(t)<H;tel0,T)

this problem is reduced to solving the boundary value problem
for the singular parabolic equation:

w_u gy

ot ayz ay y2 '
y=Inx, ye[AB]te[0,T] A=InL, B=InH,
Ul (t,A)+hult, A) =

0, uy (t,B)+hut,B)=0, h>0,

u(0,y) =W(e(y(7) = max(£(x(T)~ K)'O)H(L<x(t)<H;re[0,T]) :

Taking into account all the considerations as to the solu-
tion of classical boundary value problems for the singular para-
bolic operator L, we have:

Inﬂ

§)dg = _[ (e5L—K) Liextty<Hieelo,)
0

-1
4
- h(ln%) —v?
Pl 7|

2

of  H
|i
P—k(nL)

portfolio and investigating the volatility in the market at any
given time.
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