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CeemyHekos C. I. KomnnexcHa ducnepcis
8 cyuacHili ekoHomempuyi

O0Hieto 3 cy4acHux meHOeHuili 8 eKOHOMIYHIl Hayyi € BUKOPUCMAHHSA ene-
MeHmie meopii (yHKyili KomnaekcHUX 3miHHUX. [pu nobydosi Komnnex-
CHO3HAYHUX eKOHOMeMPUYHUX modeneli O0CMIOHUKU CMUKAOMbLCA 3 mum,
Wo 8 MamemamuyHiti cmamucmuuyi po30in, noe'a3aHuli 3 06pobKok Komm-
/leKCHOI 8UNAOK080I 3MiHHOI, 6a3yeMbCA Ha 2imomesi NPo He3anexHicmo
QilicHoi i ya8HOI YacmuH KOMMAEKCHUX 3MiHHUX. Lla 2inome3a npu3sodume
00 HeobxioHocmi 064ucneHHA QilicHUX XapaKMepucmuKk KOMMAeKCHUX 8U-
nadKosux 8eaAUYUH, 8 mMomy Yucsi i ducnepcii. Ak NOKa3aHo 8 cmammi, make
MPUMYWeHHA icmomHo 06MeXtye MOXIUBOCMI CYy4aCHOI eKOHOMEMPUKU.
Tomy 8 cmammi 06rpyHMosyeEMbCA HEOOXIOHICMb BUKOPUCMAHHSA 8 eKo-
Homempuui KomnaekcHoi ducnepcii. 30iticHioemoca aHaniz enacmusocmeli
KomnnekcHoi ducnepcii i ceHcy ii dilicHoi i yagHoi yacmuH. [Tokasyembcs, K,
BUKOPUCMOBYIOYU KOMMAEKCHY Oucrepcito, oyiHUmu 00eipyi epaHuyi o

KomnsieKcHoi 8unadkoeoi senuyuHu. OCKinbKU 30CMOoCy8aHHSA KOMMAEKCHOI

ducnepcii 8 ekoHomempuyi ma mamemamuyHiti cmamucmuyi npomoHy-
€MbCA 8repuie, mo 8 yili cmammi 062080pOMbCA MUMAHHSA POPMYBAHHA
KOMM/EKCHO3HAYHO020 KopenayiliHo2o aHanizy ma pezpeciliHo2o aHanisy,
p030inu AKux 6ydymb BUKOPUCMOBYBAMUCA 8 EKOHOMEMPUY KOMMAEKCHUX
3MIHHUX.

Kntouosi cnosa: exoHomempuka, KOMNAEKCHO3HAYHI EKOHOMEMPUYHI MO-
Oeni, KomnnekcHa ducnepcis, KopeaayiliHuli MomeHm, KomnaeKkcHul Koegi-
yieHm napHoi Kopenayji.
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CeemyHbkoe C. I. KomnnekcHas ducnepcus e cospemeHHoll
3KOHOMempuKe

O0Holi u3 cospemeHHbIX meHOeH Ul 8 IKOHOMUYeECKoli HayKe A8a5emca uc-
M10/16308aHUE 3EMEHMO8 MeopUU (PYHKYUL KOMMAEKCHbIX MepemMeHHbIX.
[Mpu mOCMpOoeHuUU KOMM/IeKCHO3HAYHbIX IKOHOMempuYeckux modeneli uccse-
dosamenu cmankuearmcsa ¢ mem, Ymo 8 Mamemamuyeckoli cmamucmuke
pasdes, c8a3aHHbIl ¢ 0bpabomkoli KomnaekcHol cayyaliHol nepemeHHoU,
6asupyemca Ha 2unome3e 0 Hesasucumocmu delicmaumesnbHol u MHUMOU
YacmAX KOMMAEKCHbIX MepemeHHbIX. Ima 2unomesa npugodum K HeobXo-
oumocmu ebl4ucaeHus delicmaumenbHbIX XapaKMEPUCMUK KOMMAEKCHbIX
cAy4aliHbIX 8eaUYUH, 8 MOM Yucae u ducnepcuu. Kak moKkasaHo 8 cmamee,
makoe npednosnoxeHue CyLecmeeHHo 02paHU4UBaem 803MOMHOCMU CO-
spemeHHol aKkoHoMempuku. osmomy 8 cmamee 060CHOBbIBAEMCA He-
06X00UMOCMb UCMOMb30BAHUSA 8 IKOHOMEMPUKe KoMM/eKcHoU ducrepcuu.
Ocywiecmesnsemca aHanu3 ceolicme KomnaekcHol ducrepcuu u cmbicaa eé
delicmeumeneHoli u MHUMOU yacmeli. [Tokasbieaemcs, KAk, UCMONb3YA KOM-
nAeKcHyto ducmepcuto, oyeHuUmb dogepumesnsHble 2paHULbI 0118 KOMMAEKC-
Holi cny4atiiHol 8enuyuHel. [ToCKOAbKY NpumeHeHue KommaekcHol oucnep-
CuU 8 3KOHOMempuKe U mMmamemamuyeckoli cmamucmuke mpedndedemcs
arnepable, Mo 8 OaHHOU cmamee 06CYXOaoMCA 80MPOCHI HPOPMUPOBAHUS
KOMIMAEKCHO3HAYHO20 KOPPENAYUOHHO20 GHAAU3A U Pe2peccuoHH020 aHa-
NU30, pasdensl KOMOpbIX GyOym UCMOb308AMbLCA 8 IKOHOMEMPUKE KOM-
MAEKCHBIX IepeMEHHBIX.
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Forecasting Economic Development by Autoregressive Models of Complex Variables”
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Introduction. Econometric methods and models gain
popularity and are frequently used in economic research.
However, mathematical methods applied in economics do
not fully satisfy the needs of the researchers. A large number
of economic problems still remain unsolved. This encourages
scientists to continuously search for new methods of developing
economic and mathematical models which will help to carry
out economic research more efficiently.

One of the promising trends in elaborating the economic
research tools is turning to the methods of the theory of
functions of complex variables. Only first hesitant steps have
been taken in this research area of economics so far. There
are few instances of using complex variables in the economic
studies but they do exist.

For example, when modeling economic dynamics,
scientists feel the need to use complex variables. These variables
sometimes result from characteristic roots of equations [5;
6; 11]. Another application of complex variables is complex
mathematical models: for example, when spectral analysis in
economics is used, and the given economic data are regarded
as random signals [7]. Yet more often economists face the
situations when complex variables are used in mathematical
modeling of discount cash flows [1; 4]. However, these cases
are not further developed and discussed in science, since their
practical application requires appropriate recommendations
on statistical treatment of random complex variables. Indeed
science has not provided such recommendations yet.

The theory of functions of complex variables contains
a section called z-transformation of Laurent. It is widely used by
mathematicians for solving complex differential equations. This
is why one could expect a more frequent use of z-transformation
of Laurent in economic modeling. However, there are very few
attempts of this kind in economics [10; 18].

One of the works written by Ben Tamari [21], who used
elementarily function of complex variables to study the balances
of cash flow at the macro level, stands out from other random
economic studies on complex variables. However, this work
remained unnoticed by economists. Moreover, it presented
studying the features of the function of a complex variable,
endowed with some characteristics of real economy, to a greater
extent rather than studying of economic qualities based on the
corresponding model. Furthermore, the possibility of practical
use of Ben Tamari’s conclusions and recommendations does
not seem obvious.

The situation began to change when the book themed
to complex-valued modeling in economics and finance
was published [20]. The models of complex variables are
considered as major kinds of mathematical equations here.
Some recommendations on econometrics of complex variables
are presented in this book, whereas a key point on variance of
complex variables is not discussed. Thus, the probative value of
all the econometric models considered in this book does not
prove to be very strong.

The problem with the use of models of complex variables
is caused by the fact that the branch of mathematical statistics
studying random complex variables seems undeveloped.
Scientists paid attention to statistical treatment of complex
variables dynamics in the 50-60s of the 20 century. R. Wooding
(1956) was the first to formulate this task and offer the approach
to presenting the complex random value based on the normal
distribution [24]. R. Arens [2] (1957) and L S. Reed [16] (1962)
introduced major concepts and characteristics of the random
normally distributed complex variable, such as mathematical
mean value, moment coefficients (including correlation
coefficient), covariance, variance, etc. It was a priori supposed
that the case of the independent normally distributed real and
imaginary parts was under discussion, and only N. R. Goodman
(1963) formulated the hypothesis more clearly [9]. From that
time on scientists began to consider the distribution of complex
random value as an aggregate of two independent normally
distributed random values — real and imaginary parts. It was
W. Feller (1966) who systematized these statements [8]. Today
this assumption about the autonomy of the real and imaginary
parts of a complex random variable serves as a key prerequisite
for mathematical statistics of a complex random variable.

As the scope of functions of modeling using complex
variables in various scientific spheres widened, scientists faced
the necessity to develop the body of mathematical statistics,
which could allow to cope with it. Since this function is of
interest not only for economists but for specialists dealing
with complex variables in other sciences, based on the real
part of the complex random value variance, an adapted least-
squares method was proposed [22]. However, at this point the
development of the statistical tools of the complex random
value stopped — neither tools for calculating complex-related
correlations nor tools for determining the confidence limits or
other instruments of statistical treatment of random complex
variables have been offered so far.
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Since statistical data treatment in the form of the
complex random value is of current interest for economics and
for such an important branch of economics as econometrics,
scientists feel an objective need in elaborating the existing and
appropriate mathematical tools.

Materials and Methods

Basic complex-valued model in economics

Firstly, let us present our understanding of how complex-
valued models can be applied in solving economic problems.

The complex variable itself can be regarded as a model
characterizing the qualities of an object in a more complex
way. This is due to the fact that it consists of two real variables
rather than of one variable as it is characteristic of real variable
models.

When considering such economic indicator as, for
example, gross profit G we understand that it allows estimating
only one aspect of the complex economic phenomenon - the
output. Thisis whyitisa typical situation when making decisions
nobody considers themselves satisfied with the criterion of the
maximum gross profit. To have more clear understanding of
the situation and make the right decision, additional indicators
of the output are taken into account. In the real economy such
crucial economic indicator as the cost of goods manufactured
Cis considered. Then, after considering the gross profit and the
cost of goods manufactured, profit margin can be calculated.
As the profit margin is the economic indicator which helps
to estimate both the cost of the goods manufactured and the
output, i.e., serves as the indicator of production efficiency, it is
used as another additional criterion when making an economic
decision.

To make a decision in a real economic situation when
describing some production process based on real variable
models, scientists have to model both the gross profit and the
cost of goods manufactured. As building two models is quite
inconvenient and cost-inefficient, one model is constructed by
adding the profit and the operating expenses to find out the
gross output. It is the gross output which is considered as the
major output in economic and mathematical modeling.

The need to model two economic variables — the gross
profit and the operating expenses — simultaneously is easily
met if the output is regarded as a complex number. In this case
this complex number itself acts as a model that reflects the
output. For the case under discussion it can be presented in the
following way:

Z=C+iG. (1)

In this case i is an imaginary unit which possesses qual-
ity 2=-1.

Thus, when we consider and model a new number Z,
we take into account both the gross profit G and the operat-
ing expenses C, since they are indispensable characteristics of
the complex number. This means that while carrying out some
actions with one complex variable, the researcher deals with
two real variables. Therefore, the use of the complex variable
like (1) as a model integrating two economic variables allows to
obtain a much more compact formula, on the one hand, and to
include more detailed information about the modeled object in
the economic and mathematical model, on the other hand, as
well as to consider them in relation to each other.

However, if these were the only innovations introduced
in economic and mathematical modeling by the use of complex
variables, it would possibly not pay to do that. Economic indi-
cators and processes modeled by using complex variables are
considerably broader than it may seem. In fact, if we just add
real and imaginary part of the variable (1), we will calculate the
known indicator — gross profit:

Q=C+G. 2)

Any complex number can be presented in trigonometric
or exponential form. For model (1) we have:

Z=C+iG=R(cosO +isin0)=Re". 3)

As it is easy to see, the tangent of vectorial angle 6 of this
complex number represents the profit margin as:

G

—=r=1g0. (4)
o0

And the modulus of this complex number adds a new

characteristic, which can be called the ‘scale’ of production:
R=yC*+G". ()

This means that by modeling the behavior of only one
complex variable the researcher can simultaneously take into
account and use a number of additional indicators derived
from them. In the case under review we can use as many as four
crucial economic indicators: gross profit G, operating expenses
C, gross output Q and profit margin r.

Therefore, even simple representation of economic indi-
cators and factors in the form of the complex number (1) opens
a lot of new prospects for the researcher and economic and
mathematical modeling. However, mathematical operations
with the complex number provide a nontrivial result for the
operations with real numbers. Using these new mathematical
tools for economics leads to the growth of an economic model-
ing toolbox because, unlike real variable models, complex-val-
ued models describe the interrelation between variables differ-
ently. It is often easier to describe very complex interrelations
between real variables by means of models and methods of the
theory of functions of complex variables rather than using real
variable models.

A basic complex-valued model represents functional
relationship between one complex variable y +iy, and another
complex variable x +ix;:

y,+iy, = flx +ix,). (6)

Since any complex variable can be presented as a graphic
point on the plane of Cartesian coordinate system, equality (6)
means that one point on the complex variables plane x is as-
signed to another point (in some cases several points) on the
complex variables plane y.

The basic model (6) in accordance with the qualities of
complex numbers can be represented as the system of two
equalities of real variables:

{yr zﬁ(xr;xi)
yi:fi(x,)'x,-)‘ (7)

For example, an elementary linear complex-valued func-
tion
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v, +iy,=(a, +ia,) (x, +ix,). 8)
can be presented as the system of two equalities:

=a,x, —ax,
{y r ~ 0 17V ] (9)
Vi = 4% T X,

Hence it follows that the changing of one factor of com-
plex variable x results in the changing of both real and imagi-
nary parts of complex variable y. This means that functions of
complex variables are considered multifactor by convention.

A special case of basic model (6) is the complex argu-
ment model when only the real part is found on the left of the
equality:

y, = f(x, +ix,). (10)

In general terms this model can be represented as the
complex-valued function with the imaginary part equal to
Z€ro:

y, +i0= f(x, +ix,). (11)

To solve a great number of economic problems, the func-
tion inverse to function (10) is of interest:

x, +ix, = f(y). (12)

This is the complex-valued function with the actual ar-
gument. A simple example of this function can be the function
of the form:

x, i, =yl (13)

In this case the changing of one variable y determines the
simultaneous changing of two variables x and x,, When model-
ing such situation by using real variable models, it is necessary
to use the system of two equations. Compact character of mod-
eling complex processes is a distinct advantage of the complex-
valued models, however, not the only one.

Simple complex-valued models have very complex al-
ternatives in the field of real variables. These functions of real
variables often prove so complex that there is no point in put-
ting them in practice. Moreover, when some mathematical op-
erations are carried out with two real variables, only these two
variables are involved. However, when similar operations are
done with two complex numbers, for example, multiplying one
complex number by another complex number, as many as four
real numbers are involved in this mathematical operation.

To make it clear, it should be admitted that everything
mentioned above does not imply the following: mathematical
operations to be carried out with complex variables are better
than the operations done with real variables, and the complex-
valued models are better than the real variable models. Nowise!
Everything presented above should be interpreted in the fol-
lowing way: mathematical operations with complex economic
variables provide different results, and mathematical models
of complex economic variables model different economic pro-
cesses. In some cases the complex-valued models will better de-
scribe economic processes than the real variable ones, whereas
in other cases they will work worse.

However, the presenting of two economic indicators in
the form of the complex number, as it was demonstrated with
the output (1), does provide economists with the opportunity

to use the theory of functions of complex variables for econom-
ic modeling.

Variance of a complex variable

Nowadays mathematical statistics deals with variance of
independent constituents — real and imaginary parts — rather
than variance of a complex variable in general. In this case
statistical characteristics of the complex random variable are
regarded as real values. To calculate the real characteristics of
the complex random value, this value is multiplied by the com-
plex conjugate. This procedure, as is known, allows to find out
the real characteristic of the complex number. The variance of
a complex variable is presented as the mathematical expecta-
tion of the squared absolute value of the corresponding cen-
tered variable [3; 14; 19; 23]:

D(z)=M[|z|]=M[|x, +ix,|]=

:M[(xr+xi)(xr_xi)]= ’ (14)
= M[x; ]+ M[x]],
where
M[x1=M[(x,—%,)*]=D(x,), (15)
M[x}]=M[(x,~%)*]=D(x,). (16)
Viz:
D(z)=D(x,)+D(x,). 17)

However, such interpretation of the complex variable
imposes the limits to statistical data treatment. Let us illustrate
it by determining the correlations between two complex ran-
dom variables. Actually, we can calculate the pair correlation
coefficient of the variables by using the correlation moment
and the variance:

My

= . (18)
OxOy

Txy

Let us take this approach to calculate the correlation be-
tween the complex random variables. The correlation moment
is represented as a real value using one of the variable in the
conjugate form, whereas the variance is calculated as real char-
acteristics in accordance with (14) [13; 14]. It should be noted
that the correlation moment that is calculated as

Wy =M[(x, +ix, ) (y, —iy,)] (19)

is not the real number. It is the complex number, since when
multiplying and grouping the summands, we obtain:

Wy = Mlx,y, ]+ Mlx,y, J+i(Mx,y, 1= Mlx,y,]) =
“’x,yi + “‘xiyi + i(uxiy, - uxr}’i )‘

And only in the case when z, = z,, the latter summand
(20) with the imaginary part equals zero, and the correlation
moment becomes a real number. In all other cases the correla-
tion moment will be of complex type, thus the pair correlation
coefficient between two complex random variables will be the
complex value. Keeping this in mind, scientists claim that they
calculate the absolute value of the correlation moment, i.e. in-

stead of (19) they use Re(WL,, ) [13].

(20)
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However, let us find the pair correlation coefficient by
using (19).

For the sake of simplicity, we assume that the discrete
sequence of the complex random value z centered in relation to
its arithmetic mean is under review, hence:

z—z=x,—x +i(x,—%)Sz=x +ix,.  (21)

Sample value of the correlation coefficient (18) when
using the real-valued variance (14) and the correlation moment
(19) is of the form:

z(yiyr +xixr)+i(2('xryi _yr'xi))

B .22

GxOy \/Z(y72+yi2)2(xr2+xi2)

On the other hand, we should keep in mind that the pair
correlation coefficient as related to real numbers was suggested
in the 90s of the 19" century by K. Pearson to estimate linear
interrelation of complex variables. It was defined as the
geometric mean of regressions y by x and x by y [15]:

r=xab,, (23)

where the proportionality factors of simple regressions a, and
b, are found by using the least-squares method.

To find the formula for calculating the sample value of
the pair correlation coefficient for the case of the two complex
variables using K. Pearson’s approach (23), we will handle
that variant of the least-squares method which results from
the assumption about the real character of the variance of
a complex variable [22]. The complex regression coefficient
of linear relationship between complex variable Y and other
complex variable X by using this approach to the least-squares
method will be calculated in the following way:

Z(y,+ly,)(x —ix) (3, +iy)(x, —ix)
Z(x +ix, )z, 1x) Z(xr +xl)

The inverse relationship between complex variable X and
the other complex random variable Y, represented in the linear
form, has the following formula for calculating the complex re-
gression coefficient found by using the least-squares method:

Z(x +ix,)(y, —iy,) Z(x +ix,)(y, —iy;)
Y o)) i)

By using these formulae of estimating the sample values
of proportionality coefficients of regression lines Y by X and X
by Y in (23), we obtain the formula for calculating the sample
value of the complex pair correlation coefficient:

D (x5, +xy)+iY (xy,—x,) ‘
20D +x2)

Now let us compare formula (22) with formula (26). This
should be one and the same coefficient, which is calculated based
on the same basic prerequisites. However, if the denominators
of formulae (21) and (26) coincide, their numerators differ
fundamentally from each other. These are different formulae
that are used to calculate different coefficients, and these

(24)

(25)

r=.lab = (26)

coefficients will give different values for one and the same
sequence. This is why it seems unclear: whether we should use
formula (22) or formula (26), or none of these formulae can
be used? The obtained result is contradictory, and it does not
allow scientists to form the body of complex correlations.

Even if we agree with the suggestions made by the
followers of the conception of the real character of the complex
variance and use their real parts [13] instead of complex
characteristics, the conflict will not be solved.

In reality, for (22) we have:

z(yiyr +xi'xr)+i(2(xryi _yr'xi))

\/Z(yr )N CART
D (5., +xx,)

) \/Z(yf ) (%, ) ’ (27)

and for (26) we obtain:

> (x,y, +xy)+iY (xy,—x,,)
Re(y/a,b, ) =Re(
Ve J2GE Y (2 2
DY CERTED
V202X (2 +7)

As can be seen from two results compared, different
formulae and a contradictory result are obtained again. This
is why P. Schreier and L. Scharf note that so far the research
carried out in the area of the correlation of complex random
variables has produced deplorable results [17].

Exactly the same problems arise in the field of statisti-
cal hypotheses and other branches of mathematical statistics of
complex variables, which to a certain extent rely upon an im-
portant variability measure — variance. Since economists come
across the problem of interrelation (direct or indirect) between
the factor and the indicator when considering some object or
phenomenon, the assumption that the variances of the real and
imaginary parts are not interrelated is rarely met. Thus, the hy-
pothesis saying that the variance of the complex random value
should always be real cannot be taken as a basic one in econo-
metrics. On the contrary, the variance of an economic complex
random variable should be presented as a complex characteris-
tic of the variability of a random complex sequence.

Then the complex variance of the complex random value
can be represented in the following way:

D, (z)=M[z*]=M[|z|¢"® ]= M[| z|cos 20 ]+iM[| z|sin26 ],
(29)

Re( ) =Re(

(28)

where 0 = arctgﬁ+ 2ntk,k=0,1,2,..,.
xY
As will readily be observed, variance (14) is a special case
of variance (29), namely — when vectorial angle 0 between the

real part and imaginary part of the complex variable is equal to

0 =7wk,k=0,1,2,..
not interdependent.

, i.e. the real part and imaginary part are
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How can the assumed hypothesis suggesting that the re-
lationship between the real and imaginary parts, and that the
variance of the complex variable should be considered as the
complex value, help in solving applied econometric problems?
To answer this question, let us turn back to the calculation of
correlations between complex random values using two meth-
ods, which resulted in an impasse, if we assume that the vari-
ance of the complex variable is a real number.

We shall consider all the characteristics of the complex
random value as complex numbers. This is why we shall not re-
sort to their artificial transformation into real numbers of these
characteristics by multiplying the complex number by its con-
jugate. Let us represent the correlation moment of two random
complex variables as a complex number:

My =M[xryr]_M[xiyi:|+i(M[xiyr:]+M[xryi]) =

. (30)
MJCr,Vi _Mxi)'[ +l(ux0’v +Mxr3’i)'

If we apply the values of complex variance (27) and com-
plex correlation moment (30) to the formula for calculating
pair correlation coefficient (18), we obtain:

:M_ z(xr+lxx)(yr+ly1)

GxOy \/ix +ix.)22(yy+iyi)2 31)
Z(x ¥y, — xyl)+12(x,yl+x y,)

VX ti) Y (5, +in)?

The obtained formula for the calculation of the sample
value of the pair correlation coefficient of two random variables
(20) does not coincide with any of the previously derived
formulae (22) and (26), when all the characteristics were
considered to be real ones.

We shall calculate the complex pair correlation coefficient
using the second method — as the geometric mean of sample
values of the regression coefficients. In order to find this
coefficient, let us formulate the criterion of the least-squares
method. It is to be recalled that assuming that the variance of
the random complex variable is a real value, the least-squares
method means in fact searching for such regression coefficients
whereby:

M[(Sr +i8i)(8r —igi)]:

where € =y —y,,€ =y,—y, areapproximation errors.

XY

M[Sf +8i2]% min. (32)

In the case of the complex variance of the complex
random value, the least-squares method is reduced to searching
for other coefficients whereby [20, p. 83]:

M((e, +ie,)']=

Here one can pay attention to the interrelation between
criteria (32) and (33). In view of this let us present the complex
approximation error in the exponential form:

€
iarctg—-
g, +ig, =Re” = /e’ +e]e . (34)

With regard to this, criterion (32) takes the form:

M(e? +i2e, e, —€}]> min. (33)

M[(e, +ie,) (e, —ie,)]= M[R*] 5> min,  (35)

and criterion (33) is as follows:

M[ (g, +ig,)*]=

Therefore, criterion of the least-squares method (32)
suggested by G. N. Tavares and L. M. Tavares, is a special case
of criterion (33) — when the vectorial angle of the complex
approximation error is equal to zero.

Now, using criterion (33) in relation to the complex
regression coefficient of complex number X by complex number
Y denoted as 4, using the least-squares method with criterion
(33) we obtain the following formula [20, p. 103 — 112]:

Z(x +ix,)(y, +iy,)
Z(x +ix)(x, +ix,)

The complex coefficient of proportionality b of the in-
verse regression can also be calculated by using criterion (33)

| G i), i)
> i)y, +iv)

Now when plugging these coefficients in the formula for
calculating the pair correlation coefficient (23), we obtain:

Z(x +ix)(y, +iy)
o \/_ \/Z(x +1x)22(yr+1y1)2

_ Xy —wy )+ y )
IS +ix) Y, +,)

As can be seen, the same formula of the complex pair
correlation coefficient (31) as in the case of its calculation
through the complex correlation moment (29) is obtained.

This means that the obtained result is not contradictory.
Both pair correlation coefficient (31) between two random
complex variables calculated through variance and correlation
moment and the pair correlation coefficient calculated through
the geometric mean of linear regression have one and the same
form.

This in turn means that our hypothesis about the need
to use complex variance and other complex characteristics of
complex variables in statistics of complex random variables, is
confirmed.

Now let us turn to the analysis of the properties of
complex variance of complex random value (27), the use of
which in econometrics of complex random variables has just
been justified. To illustrate it, let us write complex variance in
the arithmetic form:

M[R*¢** ]— min. (36)

(37)

(38)

(39)

D.(z)= M[zz]=M[xr2:|—M[xi2:|+i2M[x,xi:|. (40)

Complex variance, depending on the form of its real
and imaginary parts, can be a complex, real, or imaginary
value — the variety of its values correspond to the variety of
the properties of the complex random variable. In addition,
complex variance can be both positive and negative. Let us
consider these options and properties of the complex random
value sequence, for which these options of complex variance
are valid.
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Firstly, let us pay attention to the imaginary part of

complex variance (40):
Im[D,(z)]=2M[x,x,]. (41)

It has a simple meaning — it is a double covariance
between the real and imaginary parts of the random complex
variable. If there is no correlation between variables, the variable
covariance is equal to zero. This means that the imaginary part
of the complex variance serves the basis for the assumption
about the presence or absence of correlation between the real
and imaginary parts of the random complex variable.

The real part of the complex variance of the random
complex value is also meaningful for the researcher:

Re[D, (z)]= M[x} ]- M[«]]. (42)

As can be seen, it characterizes the degree of distinction
between the variance of the real part of a random complex
variable and the variance of the imaginary part of the given
variable. This is why in case when both types of variance are
equal to each other, the real part of the complex variance is
equal to zero. If the variance of the real part of the complex
variable is larger than that of the imaginary part of the complex
variable, real part (40) of the complex variance will be positive.
Otherwise, it will be negative.

It is noteworthy that the justification of the complex
character of the complex random value does not refuse the
possibility to use variance in real form — it can be applied as
an additional characteristic of the process under research, since
the real variance characterizes the variability measure of the
absolute value of the complex variance.

Results. We shall illustrate how the major characteristics
of the complex random value can be determined by using the
suggested method and procedure for estimating the complex
variance of the complex random value. To compare, we shall
use simultaneously the method and the procedure which
result from the assumption about the autonomy of the real
and imaginary parts of the complex variable and about real
character of the variance.

To exemplify, we shall use the data provided by the
Central Bank of Russia on the rate of two currencies — the
euro and the US dollar — to the rouble for the period from 2
January 2017 to 13 April 2017. These data are in open access on
the website of the Central Bank of Russia: http://www.cbr.ru/
currency_base/daily.aspx.

We shall consider the complex random variable of the
currencies. We shall relate the euro value in roubles (y ) to the
real part of this variable, and the US dollar value in roubles (y,,)
to its imaginary part:

Z,= Yty
The arithmetical mean of this complex variable for the
period under review is equal to:

(L +iK)=62,25+i58,35. (43)

The sample value of the real variance of this complex
sequence for the given observation period as the real variability

number with the complex one. We can obtain the information
about the sequence variability based on the variance of each of
its constituents:

62=184; 6=136; 6 =149; c=122. (45

Now let us calculate the sample value of the complex
variance of the considered complex value by using formula (40):

G e = 0-35+i3.09. (46)

complex

Based on the obtained results, we can make certain
conclusions about the character of the sequence under review.
Firstly, since the real part of the complex variable is positive,
we can conclude that the variance of the imaginary part (the
rouble in relation to the dollar) for the observed period is
smaller than that of its real part (the rouble in relation to the
euro). This can be confirmed by comparing the variance of the
real and imaginary parts of the considered variable, which were
calculated above (45).

Since the imaginary part of the complex variance is not
equal to zero and is quite a significant value, we can make a
conclusion that there is a certain interrelation between the
real and the imaginary parts of the complex variable. Thus, the
assumption about their independence from each other, as it is
a priori done today in modern mathematical statistics, seems
to be wrong.

In order to estimate the variability of the analyzed
complex variable, let us calculate the value of the standard
deviation of the given sequence as the square root of the
complex variance (46):

G, . =132+il.18. (47)

complex

By simply comparing complex standard deviation (47)
with standard deviations of the real and imaginary parts (45),
we can notice that they differ from each other.

Now we can form confidence limits for the complex
variable under discussion. First, let us assume that the real
and imaginary parts of the complex variable are independent
from each other. Then we shall use standard deviations of the
real and imaginary parts (45). Since we have 65 observations at
our disposal, with the confidence level for ¢-statistics (Student
statistics) at the level of 5 %, we shall obtain ¢=1.996. For the
real part we obtain:

61.91<y, <62.58. (48)

Similarly, we can find the confidence limits for the
imaginary part:
58.00< y, <58.70. (49)

Or in the complex-valued form:

61.91+i58.00< (y, +iy,) < 62.58+i58.70.  (50)

Now let us calculate the confidence limits for the complex
random variable by using the complex variance or to be more
exact — the standard deviation (47). In general, confidence
limits can be estimated in the following way:

measure is calculated by using formula (14). We obtain: 54 7)—t O complex <(y +ip)<
w.)— _— 1w
6, =329; 6=18L. (44) Ir TN Jn I (51)
It is hardly possible to understand what variance (44) and — G complex
, P <, +)+to N —F—
its standard deviation mean as one cannot compare the real ’ Jn
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For the sequence under review we obtain:

62.08+i58.21<(y, +iy,)<62.41+i58.50.  (52)

It can be seen by comparing (48) and (49) with (51) that
the found confidence limits are close to each other but still dif-
fer from each other. The first variation of the confidence limits
is formed by assuming that such interrelation does exist. How-
ever, since from (46) it follows that the real and imaginary parts
of the considered complex variable correlate to each other, it
seems more reasonable to use complex variance and complex
standard deviation for estimating confidence limits rather than
their real analogue.

Discussion. The prevailing in mathematical statistics as-
sumption on the autonomous character of the real and imagi-
nary parts of the complex random value limited the toolbox of
modern econometrics of complex variables. If further develop-
ment of statistical methods for the treatment of sequences of
complex variables seemed impossible without the prerequisite
on the independence of the real and imaginary parts of these
variables, turning to another idea — about possible correlation
between them — allows to elaborate this toolbox. Introducing
the complex variance into scientific discourse allows to im-
prove the tools of mathematical statistics of complex random
variables, first of all, those ones that are widely used in solving
various econometric problems — correlation and regression
analysis.

First and foremost, it is necessary to point out the use
of the least-squares method for estimating the parameters of
the economic model of the complex random variable. Formal
grounds for this method (33) have been obtained by using the
complex variance (29), but the qualities of the least-squares
method like efficiency, unbiasedness and consistency require
further research. Considering the application of the least-
squares method under conditions when distribution of at least
one element (real or imaginary) of the complex random value
differs from normal distribution, is of special interest.

Obtaining consistent results for developing the formula
of the complex pair correlation coefficient (31) allows to focus
on the qualities of this coefficient. It seems clear that in case
when two random complex variables are in linear function re-
lationship, the complex pair correlation coefficient turns into
a real number equal to one in absolute value. All the rest cases
of correlation between random complex variables require thor-
ough research. In particular, the meaning of the imaginary part
of the complex pair correlation coefficient is to be considered.

Developing the approach on determining the confidence
limits of statistical estimates of complex variables (50) is of great
importance. The article deals with the simplest case of estimat-
ing the confidence limits of the sample value of the arithmeti-
cal mean of a complex random value, both parts of which are
supposed to be normally distributed. Studying the cases when
distribution of the real and imaginary parts is not identical is
of current interest. For example, the real part is distributed
according to the normal distribution law, and the imaginary
one is of lognormal distribution. Extending this approach for
sample values of coefficient estimates of econometric models
have yet to be done.

Considering the situation when there can be random in-
terrelation between the real and imaginary parts of the complex
random value significantly increased the chances of elaborating

the tools of complex-valued econometrics. The paper illustrat-
ed these chances by using the basic characteristic — complex
variance of the random complex variable (29). As it can be seen
from the obtained results, such approach opens up additional
opportunities for economists to study such a complex object
as economics.
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