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Manspeys /1. M., BopoHiH A. B., lebedesa I. /1., /lebedes C. C. MamemamuyHe modento8aHHA OUHAMIKU 06MiHHO20 Kypcy AK
0CHO8a 0114 0epasHOI pe2yaamopHoi NoAimuKu

YeniwHicme 0epasHo20 pezynsaHHs 8a10MHO20 PUHKY, 8i0 K020 3a1eXUMb cmabini3ayis eKoHOMIKU KpaiHu, MidmpumMKa KOHKYPeHMoCnPOMOMHOCMI eKc-
nopmy, KOHMPOAb iHGAAYI MO0, BUSHAYAEMbCA MUM, AKY MOOesb MOKAAOEHO 8 OCHOBY NMPULHAMMSA ynpasiHCbKuX piweHs. Y pobomi 3anponoHosaHo 08a
nidxodu 0o po3e’A3aHHA 300a4i OIMUMAILHO20 pe2ynto8aHHA Kypcy santom. OOUH i3 nidxodie 6a3yembca Ha BUKOPUCMAHHI PIBHOMIPHOYACMOMHO20 KpUMepito
AKOCMI ynpasniHKA, a iHWull — Ha 30CMOCYB8AHHI iHMe2panbHo20 K8AOPAMUYHO20 KpUMepIto AKOCMI ynpasniHHA Npoyecom 6anaHCy8aHHA Mix MONUMoM ma
npono3uyieto Ha sanmHomy puHky. Mema pobomu nonszana 8 nobydosi mamemamuyHoi Modeni, ska 6 00380131a 8U3HAYAMU OTMUMAbHI NApaMempu 6a-
/IIOMHO20 PUHKY | yMOBU, 30 AKUX 8IOXU/IEHHA PeasbHO20 8a/HMHO20 Kypcy 8id HeobXioH020 ikcosaHo20 Kypcy byno 6 MiHimaneHUM. Y Mexcax 3anponoHo8aHoi
8 pobomi mamemamuyHoi Modeni 88aXAEMbCS, WO 8Ci MPoyecy, AKi po3ensdarmecs, € HerlepepsHumu y Yaci. Lie dossonse 3acmocosysamu 0113 nobydosu
Modeni enemMeHmu iHmMe2panbHo20 ma dugepeHyianbHo20 YucaeHHs. OmpumaHa MamemamuyHa Mooenb Aea5€ coboto cucmemy OugepeHyianbHUX PiBHAHb
i micmumb dea munu Kpumepiis AKOCMI, AKi HO OCHOBI AHANI3Y MOMIUBUX KO/MUBAHL BANKMHO20 Kypcy 00380A40Mb 8UBPaMU crnocobu (io2o pezyno8aHHs.
OO0HaK ui Kpumepii marome pisHy cnpAMoBaHicme. Tak, 30CMOCY8AHHA PIBHOMIPHOYACMOMHO20 KpUMepito CPAMOBAHO HA 3HUMEHHS KOUBHOCMI Kypcosux
8i0xusieHb 8i0 He0bXiOH020 3HAYEHHS 3a Hall2ipW 020 8MaAUBY CE30HHUX KOMUBAHYL 8a/1I0MHO20 nonumy. Todi AK peani3ayis pezymoeaHHs Kypcy 3a 00noMo2ot0
iHMe2panbHo20 KBAOPAMUYHO20 KpUMepito AKOCMi Kepy8aHHA 00380/A€ OMMUMI3y8amu sumpamu Ha cmabini3ayito Kypcy Ha mpusasi Yacosi iHmepsanu.
OmpumaHi pe3ynemamu 00380470Mb BUKOPUCMOBYBAMU 3aMPONOHOBAHY MAMeMAMUuy4Hy Modesnb 015 06rpyHMy8aHHA 8ubopy wasxie onmumisayii peayns-
MOpHOI noAimuKu 0epxasu Ha 810MHOMY PUHKY.

Kntouosi cnoea: pisHomipHoyacmomuuii kpumepiti, amomHull Kypc, 8anlomHuUl pUHOK, MamemMamu4Ha moders.
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Introduction. Regulating the exchange rate is an im-
portant and rather complex problem faced by both developed
countries and those with transitional economies. Managing the
exchange rate is part of the State’s economic policy. As known
from global practice, currency operations are not always con-
ducted for the purpose of financial calculations. Often, activi-
ties in the foreign exchange market imply obtaining speculative
profits. In turn, this has a significant impact on the process of
exchange rate formation.

At present, most countries tend to utilize a floating ex-
change rate regime. However, in this case, sharp fluctuations
in the rate may occur, leading to the necessity of stabilization,

which is undertaken by the central bank. The objective of such
managerial influence is to stabilize the economy, maintain
the competitiveness of exports, control inflation, and protect
against external shocks. A stable exchange rate makes the
country more attractive to foreign investors, reducing the risks
of losses due to currency fluctuations.

It should be emphasized that in the process of forming a
currency stabilization policy, one faces the challenge of balanc-
ing stability and flexibility. Excessive intervention may lead to
crises, while complete non-intervention may result in instabil-
ity and a loss of control over the economy. Currently, there is
no clear understanding of the theory of currency regulation,
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including the forms of currency policy that may be most ap-
plicable in a specific economic situation. Since the vectors of
currency regulation affect all areas of economic activity, the
correct choice of the exchange rate regime, various forms of
currency policy, and methods of currency control that would
align most closely with economic reforms is one of the priority
tasks of economic theory and practice. In this context, there
is a need to develop mathematical models that would serve as
the basis for selecting optimal parameters of the equilibrium
exchange rate when forming the State’s currency policy. While
constructing such models, it is essential to consider not only
general development trends but also the cyclicality of econom-
ic processes and potential deviations from the overall tendency,
also caused by force majeure circumstances. The creation of
such mathematical models allows for identifying priority types
of economic activity and the significance of their impact on the
economic development of the country [1-3 et al.]. At this, the
analysis of the dynamics of the monetary cycle plays a special
role [4-7 et al]. Although mathematical models are widely
used in various economic research, they are primarily models
developed for forecasting exchange rate dynamics [8—13 et al.].
The construction of such models mainly employs the method
of correlation-regression analysis of time series, genetic algo-
rithm, as well as methods of fractal geometry. Also, significant
attention is given to the analysis of the dynamics of general eco-
nomic equilibrium and the corresponding real exchange rate
based on the equilibrium states of the external and internal bal-
ances of the country.

The mathematical models for regulating exchange
rates, which are the focus of this study, generally represent
a system of equations and algorithms. Analyzing potential
fluctuations in the exchange rate allows for the selection of
optimal methods for its management, as well as assessing the
effectiveness of the central bank’s or government’s policies.
When constructing models of this type, the main attention
is given to the fundamental factor models that determine the
structure of the balance of payments and, consequently, the
exchange rate. It is assumed that the equilibrium exchange
rate is determined by supply and demand in the financial asset
market, taking into account the competition of open econo-
mies [14-18 et al.].

The aim of the study is to develop a mathematical mod-
el that would allow for the selection of optimal parameters for
the State regulation in the currency market while ensuring con-
ditions under which the deviation of the actual exchange rate
from the required fixed rate is minimal.

Results and discussion. The studies [19; 20] present a
mathematical model of the mechanism of functioning of the
currency market, based on the interaction of non-speculative
operators (commercial agents), speculative players, and the
State. In this model, the excess demand created by non-spec-
ulative participants depends on the current exchange rate and
seasonal factors that have a periodic structure of the following:

D,(t)=a,—a,C(t)+ B, cos(®w,t) (1)
with such constraints on the constant parameters:
a,>0, a,>0, 0<B;<a,,

where C(¢) is the current exchange rate of the local currency;
By, w, are the amplitude and frequency of fluctuations in the

seasonal component of demand, accordingly; a,, is the constant
component of demand; 4, is the elasticity of demand with re-
spect to the exchange rate.

Let us consider the behavior of speculative agents whose
demand and supply in the currency market are determined by
the assumption that the exchange rate is unstable. Their excess
demand for currency exchange can be determined by the for-
mula:

D,(t)=m(E(t)—-C(t)), m>0, )

Where E(f) is the expected exchange rate, m is the ad-
justment parameter.

To determine the trajectory of the exchange rate, we
propose the following hypothesis about the formation of ex-
pectations. Let us assume that the structure of the expected
exchange rate is determined by the following second-order dif-
ferential equation:
dc(t) ; d*C(t)

dt*dr’

This means that speculative players base their expecta-
tions on the current exchange rate level and on the regressive
direction of its change (the first derivative), taking into account
the acceleration of this change (the second derivative). Let us
assume that a government monetary policy is being imple-
mented, the goal of which is to stabilize the exchange rate at

a constant level C* = a,. In this case, the excess demand of the
State is described by the equation:

D3<t>=ﬁ(c*—c<t>}fz‘fi—f, )

where f,, , are the State regulators, i. e., parameters determined
by the State policy.
The market balance is defined by the formula:

Dl(t)+D2(t)+D3(t)=O- (4)

After substituting expressions (1)-(3) into the balance
equation (4), we obtain a second-order differential equation
with respect to the variable x(f) = C(£) — C*, which describes the
deviation of the current exchange rate from the required value.
After transformation, this equation takes the form:

E(t)=C(t)-b,

, b,>0, b,>0.

d*x dx
?+(h+kz)g+(g+kl)x=Bcos(&)ot), (5)
where
g:i’ h:b—l} klz -f’l ) k2= ‘fz ) B: BO .
mb, b, mb, mb, mb,

Using the terminology of automatic control theory, we
rewrite equation (5) in operator form as a system:

(p* +hp+g)-2(p)=U(p)+ W(p),

(6)
U(p)= —(k2p+ k, )'x(P);

d
Where p ZE is the differentiation operator; x(p) is

the input characteristic of the object; U(p) is the control, cho-
sen in the form of negative feedback based on the output and its
derivative; W(p) is an external disturbing periodic influence.

Mpo6rnemn ekoHomikm Ne 2 (64), 2025
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Let us introduce the transfer function of the output in

relation to the external input influence H(p)= *(p) as:
W(p)
1
H(p)= 3 , and the transfer function
p*+(h+k,)p+g+k,
U
of control in relation to the disturbance G( p)=ﬁ as:
W(p)
k,p+k
G(p)= 2 1 . It is evident that H(p)
(p) p*+(h+k,)p+g+k, v

and G(p) are stable realizable operators, as the degrees of the
polynomial numerators are strictly less than the degrees of the
polynomial denominators and the roots of the denominators
have negative real parts.

The external disturbance W(¢) = Bcos(wyt) may have an
arbitrary frequency o, Then the guaranteed estimate of the
amplitude of the steady-state deviation of the exchange rate is
equal to:

o= 5101)p|H(p)|p=iw , i =-1.

It is natural to call this quantity [21] a uniformly fre-
quented reaction indicator of system (6). In classical control
theory, the term «volatility index» was used. In function theory,
this same quantity is defined as the norm of the function H(p)

of a complex variable p in Hardy space, denoted by the stan-
dard notation: ||H |L° = sup|H (i(u)|. The objective of optimal

control consists of synthesizing a linear regulator in the form
of system (2), which stabilizes control and linearizes the quality
functional (7).

J= inf sup|[F(io)[[, 7)

Z(p)
W(p)

ized output of system (6) in response to disturbances. Typically,
a linear combination of the standard output x(p) and control
Ulp) is used as of the generalized output Z(p):

Z(p)=r(ax(p)+U(p)), 8)

where 1, q are constant parameters.

The parameter r is an indicator of management costs,
while the product rq is interpreted as a characteristic of control
accuracy, i. e, the quantity g reflects a quantitative measure of
the compromise between achievable accuracy and regulation
costs. Considering formulas (7) and (8), we obtain an expres-
sion for the quality functional:

where F(p)= is the transfer function of the general-

J= inf supr* (¢’ [H(io)] +[G(iw)["), )
where |H(i0))|2 = H(iow)H(—iw),

|G(iw)|" = G(iw)G(~io) .

After substituting the explicit expressions for the trans-
fer functions H and G into the functional (9), we obtain:

) rz(q2+k12+k§0)2)
J=inf sup—; > - =
koo @ +((h+k,) —2(g+k))o” +(g+k,)
(10)
The quality criterion (10), as a result of maximizing over
the frequency wtakes the form:

24
rk,

]*(kukz):

From the necessary conditions for the existence of an ex-
tremum, we obtain a system of algebraic equations concerning
k, and k,, the solution of which is the solution to the optimiza-
tion problem (11).

2 2
K +[2g—h7jkf — gk, —hkk, +( gk, —%ka -0,
A +AK +AK +AK +Ak, +A, =0,

(12)
where

A, =k (n} —n,), A, =—=2h((2n,—h*)(n; —n,)+n,h’),
Ay =n} —n,)(2n, —h*)* —=4(n} —n, )+ Sn,h* (2n, —h*),
A, =4n,h(3(n; —n,)+(2n, —h*)*),
A =n,(2n,—h*)* —4n,(2n, —h*)(n} —n,)—8mh’,

AO =41’l§h(27’l1_h2); n =g+k1’ n, =q2 +k1‘

k2 + g +(g+k )k

~2(k, +g* +(k + Q)2 Wk (h+k,)* (11)

The system of algebraic equations (12) evidently cannot
be explicitly solved for the unknowns k;* and k,*. In this case,
it becomes necessary to apply numerical methods to obtain ap-
proximate values for the sought quantities.

Let us examine in detail the situation where government
regulation policies slightly consider the rate of change of the
exchange rate difference, that is, the coefficient k, = pis a small
quantity, and the quantities containing k, raised to higher than
one can be neglected. In this case, functional (10) will take the
form:

, (g’ +k)
]:1nfsup " 3 3 2;(13)

b oo o +h(h —2(g+k))w* +(g+k,)
where hy =(h+)* =h> +2).

Then for the case when the frequency is maximal, the
criterion (13) is written as follows:

(14)
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From the necessary condition of the extremum
d*(k,)
dk,

timal value of k;*:

=0 we obtain the equation for determining the op-

h2
kf+(2g—7°jkl—q2=0. (15)
It is evident that the roots of the quadratic equation (15)

have different signs. Hence, the solution is the positive root,
namely

(16)

Substituting the optimal value of k;* into the original ex-
pression for the quality criterion allows us to find its minimum
value J*( k*) = y*

(17)

r g
The quantity y =h—~/ 2k, represents the maximum
0
deviation from the required level of the generalized output of
the original dynamic system (6). In the case where the param-
eter r is small, i. e, the State implements a «cheap» manage-
ment conception, the required accuracy of stabilization can be

absolute, as the relation 'y — 0 [22] holds.

Using expression (16), which explicitly shows & * we will
calculate the maximum value of the amplitude of deviations of

the exchange rate from the required level, i. e., |X (t)| <4

0= ! . (18)

he ’
2
h04(:_g) +q

In the absence of exchange rate regulation by the State, i.
e, when k, = k, = 0, respectively, g = 0. For this case, we obtain
the value of the amplitude of the exchange rate:

1 '
8y =——), g>—.
W 4
b fo—"0
0\
o

0 .

Let us establish a relationship & = 3

Itis evident that € > 1, therefore, the State policy of stabi-
lizing the exchange rate, proportional to the deviation from the

a
required level C*=—2, allows for a reduction in the maxi-

al
mum possible amplitude of exchange rate fluctuations by &
times.

Let us express the quantity § in terms of the model’s ini-
tial data (5):
b2
o= = . (19)

P 2
Y

Using (19), it is not difficult to determine the lower and
upper bounds for the current exchange rate:

h_§ <C(t)<a—°+8.

4 4q

This can serve as a methodological basis for substantiat-
ing the parameters of the currency corridor.
The optimal parameter of the State policy

f* Mblz + ””bf 2+ 272 2
= —a —a m ,
1 4b, 1 4b, 1 24

while f; =7 defines the amount of foreign currency required
by the government to maintain the national monetary unit at a
specified level.

Let us consider another approach to solving the problem
at hand. The functional (9) can be presented in a slightly dif-
ferent form:

1 . .
J= l:lnkfz E:‘;rz (q° |H(l(l))|2 +|G(l(1))|2 )dw.  (20)

This integral quadratic quality criterion corresponds to
2

oo
the norm ||H||2 =2L J‘ |H(i0))| dw , which in turn charac-
n —oo

terizes the quadratic deviation of the exchange rate from the
required value. Then (10) is transformed into the form:

= inf sup— :
L o ) o (k) —2(g +k )0 + (g 4k )

(21)

Integrating with respect to frequency o, we obtain in this
case such an expression for the quality criterion explicitly as a
function of k; and k,;:

2 2 2 2
J,=inf | —1 LT P
kyky 2 (h+k2)(g+k1) h+k2

r T (¢ +k! +Ko” )do

From one of the necessary conditions for the extremum

Mpo6rnemn ekoHomikm Ne 2 (64), 2025
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f =0 we derive the equation for finding the optimal value
1
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k12 +2gk, —q2 =0. (23)
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Thus, we find that

k=g +q" -3 (24)

From another necessary condition for the extremum

)
I =0 we derive the equation for finding the optimal value

ok,
of k,:
k3 +2hk, —2k, =0. (25)

Considering that in formula (24) the quantity k,* is pre-
sented explicitly, we obtain the following expression for k,* :

k;=\/h2+2(\/g2+q2 —g)—h. (26)

By substituting relationships (24) and (26) into expres-
sion (22), we get the optimal value of the quality criterion:

=k =i ag g —g) -k (27

The formula (27) reflects the quantitative measure of the
minimum square deviation of the exchange rate from its re-
quired value.

Conclusions. The main factors discussed in this study
that affect the currency market facilitate the identification of
processes that determine the formation of the exchange rate.
The two approaches proposed in the article for optimal ex-
change rate regulation, namely, using uniform frequency and
integral quadratic quality criteria, enable the determination of
optimal parameters for regulatory policy. The use of one of the
two proposed quality criteria in the mathematical model for
regulating the formation of the exchange rate has different in-
fluences on its dynamics. Thus, the application of the uniform
frequency criterion aims to reduce the volatility of exchange
rate deviations from the desired value during the worst impact
of seasonal fluctuations in currency demand. In contrast, im-
plementing exchange rate regulation through the integral qua-
dratic quality management criterion allows for the optimiza-
tion of costs for stabilizing the exchange rate over long periods.
This allows for effective management of the balancing process
between supply and demand in the currency market.
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